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ACHRCMATICITY vs. ISOCHRONICITY 

Dave Carey 
Fermi National Accelerator Laboratory* 

Batavia, Illinois 60510 

*n achromatic Jystem is one WhePe the transfer 
matrix elements t-or the tPa*s”eme coordinates do not 
depend on momerltum. An isochronous system is one 
wnere the transit time Of a trajectory thrO”gh the 
system doe?, not depend an the initial coordinates. 
It is Yell known that a rirst-order achrot@atLc system 
13 also 190ChrO”OUS, except for pure mOme”t”m 
dWle”deTlCCZ. me converse is alSo true. This result 
19 entended to higher oteers. Conditions are found 
so that ror i system Whose chromatic terms au vanish 
up to a cet%ain order the transi;: time “Lll be 
independent Of the transverse coordinates UP the SamB 
3fviec-. Under the same conditions, the co”YePse will 
aL9a be true. 

First order 

we may use d bra and ket notation to i”dicBte 
any pa‘-tiCUlaP matrix element. me columns Of the 
FirSLorder tranSfeP matrix are also k”Ow, as the 
characteristic rays, so that 

diCs) = scCsl / cc(s) da - cx(s) ; ix(:i: ,!a lij 
J 

n;cs, = s;(s) : cx(3) d(l - c;(s) 
J ! 

sx(91 da 

The longitudinal separatioo i3 diYB!l as 

e = x0 cxwda * “, 1’3 (s)da + 

stated i 

6 
2 x / 

dx(s)da (6) 

From equations (5) and (61, we see that the 
theoreO :onnecting .iChP”m*tiClty and 

isoehronicity is true in first. order. me relation 
between tiw c:t,ewicients can be witten as 

ax -k~ ax an. 
Z - ax; ax -xqq (7) 

” 

ax! ai- ae a<- aa. 
-‘~xF-x-~ a6 ’ 0” 00 

This form is highly S”gge8ti”e or how the Peslllt may 
be extended to tliatler orders. 
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lie can define tllo vectors To and Lc, and thePew 
write equation (9, in the form 

Tc i MLc (10) 

me Vector T represents the leit side or equation 
(9), which is the deriYati"e or the tranS"ePS* 
canonical "BPIableS with respect to c,. me vector L, 
represents tile derivatives Of T vim mspect to the 
initial fanonical trans"eFse variables. me Matrix H 
is the local linearizatlo" in canonical variables or 
the mapping Of the original space Of tPa"S"ePSe 
cDO~di”ateS and mOmenta into the final space or the 
same “arlables. By Liouville’s theorem, the phase 
space “Ol”me is CO”.eP”ed and the detemsl”a”t or H is 
equal to one. 

Relation to m~$ygr-t Variables 

"sing the chain Pulr), the Vectors T and Lc' can 
be expressed in tam* or derivatives WiFh respect to 
the transverse coordinates given in equation (1). 
me procedure IS more straightforward for the 
longitudinal vector Lo, 90 ue consider that first. 

We define a new VeCtoP L, which mntai"s the 
derivatives Of T with Fe.ep*Ct to me variables x0, 
"A, y,, and y;. we now have 

Lc = NL (11) 

"here N is a fo"F-by-fo"P matrix. I" loweSt Order N 
takes a particularly simple form 

(1 0 0 0) 

l/P 0 0 
N=: 001 0 

I 

me matrix IS “onslngular in lowest. Order, which is 
its exact TOPS, when Wal"ated .3t the Origin. BY 
continuity, it is the" "O"Si"8"lW i" a" OPe" PeBiO" 
cO"tS%l"t"8 the Or<.@. 

me connection between L, me dependence o* time 
dif-rerence on initial transverse coordinates, .e"d Tc' 
the dependence OF the final canonical tPa”s”ePSe 
COoPdinated on F, IS the” made easily. From 
equations (10) and (ll), Ye have 

TC = MNL (13) 

mvever, vtmt we want is the dependence or final 
transparr variables x, X', y, and Y' on initial E. 
FPm the Standpoint or canonical variables a ririrt 
space has chromatic dependence. If we hold tile 
initial p a"d p Ca"rta"t, and "a~'y the WlW-W, the 
final tPB”S”ePd position Will be affected. This 
c,CC”rS because the lOW3it”diL31 53Ome”t”m Pt iS 
cha”@ and thWW=O!Y the aW3leS X’ and Y’ aPe 
affected. I” st”dYfR3 aEhPOmat.iCiCy, we are 
i"tWSted i" the dePe"de"Oe 0" e"eF8Y Whe" the 
initial. angles X' an* Y' are held fixed. 

TO CO"Yert to transport variables, we must "Je 
the chain Fule at both the initial and final points. 
we use it at the final point Simply to tPa"SfoPm to 
the desired vartas1es. lie "96 it at the initial 
pOi"t beW"Be a dWi"ati"e With PeSpeeOt to f hOldi” 

fixed iS diPrePent t-!-OS, a &ri”ati”e hOldi” X’ 
;%3. We thererore Ilaw three sets Of Partial 
derivatives. The l-i¶9t is the set or derivatives Of 
the final canonical “aFiableJ with respect to the 
final tra*S”ePSe transport variables. The” we have 
the transfw fuunctions giving the transformation or 
the transport YaPiabl*s by the beam 11ne. Finally, 
Ye must express the initial tra”SPOPt ‘variables in 
teFmS Of cananica1 variables. 



The energy difference E IS unchanged by all 
these transfarmatfons, hut the runctiana1 dependence 
on it is not. I" Or-d.3 to be explicit about the 
functional dependence, we add a subscript to the 
"miahle E, indicating the beginning or the end of 
the system. Derivatives with respect to Canonical 
sets of coordinates am indicated by a subscript C. 
FOP the hoPiZO"ta1 components Of Tc' we then hawe 

axI ax, ax; ax, ay; ax, 

is-‘, =xq~+q~+~ (14) 

aPXl ap,l ax; ax’ aPx, ax; ay; ap,, ax; 

%-E =3.p?&~~~+~~ 

aPxl ay; ay; aPx, ay; ax; ap,, 
‘“yi~~+q-~~+-as; 

The derivatives Of the transformations between 
canonifal and transport variables are purely 
kinematic and can be expressed in terms of transport 
variables. For an ultrarelati"l3ti.c hw.rn, they are 
simpler in form, but the argument is uncban~ed. We 
the" get 

&L- 
f 1+x’2+y’2 (,+.,&3i~ 

g- PX’Y’ _. 
(l+x'2+y'2)3'2 

g- = - 8 (1+x’2+ y* 5 

g _ - 5 (l+x’Z+ ),‘Z) 

.I’l^maticity “3. Isochrani~o~t.~ 

Incorporation OP equations (15) into equations 
(14) produces quite a mess. Aovever, if we CO”SldW 
only the Fmplications as they apply ta each order, 
some aimple canflusions can be derived. To first 
order, we have 

axI % 
2-c =y (16) 
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~~~chronicity and achromaticit,' become equivalent 
with no ~estrlction~. noving to hi&her wde11s, other 
terms begin to appear and more restrictions "eed to 
be imposed. At $eoo"d or&r, we need to have a 
first-ovder focus In bath transverse planea, and the 
planes need to be independent. I" fo"rtb order, we 
must na"e unity magnirlcatlo" I" both planes. 

The partial de~ivatlve~ of the final transport 
variables with respect to the initial trmspo~t 
variables are not necessarily the same 8.9 the 
fiPDt-Ord*r transfer matrix elements. The transfer 
matrix eleme"ts are the partial. dePi"atl"e3 evaluated 
on the reference traJectory. When considering hi@,er 
orders I> r achromticlty and isoch~o"icity, tne 
restrictions must also be imwsed to a" appropriately 
high order. For example, at third OPdBP, the I-oeus 
must be 8ood to second order. There must be no 
second-wder ~e'ametric aberrations. 

NOW we return to me Orlglnal theOFern. we pPOYe 
it by induction. Si"Oe it is established in first 
or'dei-, the first part of DW proof 1s done. A.%"Dl* 
that a bean line is isochronous UP tr, wder n-l. 
The" the "'th r%'de~ of the Yect..w T uill be gi"en in 
terns or the nth ordw of L and thecfirst-order terms 
si t:i* cmtrix product HN. If the "th orde,- terms of 
L vanish, those or the edms :,d.% Of T WI11 also. 
us define * "eCtor T to be th* derivative of the 
trrn,v*rae :Pa"spOrt Y*FiahleS with Pe,peCt to E. 
Jubjact to the mstrictims described above, the" T 
will vanish to "th order, and the beam line will be 
achromatic. BY the same reasoning, and s"bJect to 
the salue PestriCtione, the "aniahing to a given wder 
Of * "ill imply the YaniShing to the sane order Of L. 

The lo"Bit"di"al hi&zbsr-wder mti-ix elements 
m"ered by this theorem include all except those 
uhich are purely energy dewndent. Thus terms of the 
fern (TIC"), which my also depend on the mass of the 
part*c1*, are not i"ClUbd. Stmilarly, the 
tra"zWeFSe matFix elements *i-e only those which !,a"11 
wxoe .nomentum dependence, plus those necessary for 
the stated cand‘tlana. Clearly, if au tP*"S"ePSe 
term or a given order can be made to vanish, then 
Sll the terms or L to tnat order win "a!,lh also. 

A" example of th3s theorem to second order has 
bean give" by Brawn . He has de"iSed a system UhePe 
a11 JeEOnd-OPdeP tra"sYeP.9* matrix alemnts can be 
made to vanish simultaneously. The lo"git"di"al 
SeCO~*-oPder t*tYns then alao vanish, except for 
(r/e ). 
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